Introduction
Recently approximation of e -x by rational functions has attracted the attention of several mathematicians (cf. [2] - [5] , [7] - [10] ) . In this paper we present several new results . Some of the methods used here may be applied successfully to several related problems .
As usual we use throughout our work 1) ~I to mean the maximuin modulus within the set of points under consideration . Lenunas LEMMA 1 [8] . Let p(x) be a polynomial of degree at most n having only real zeros and suppose that p(x) > 0 on [a, b] . Then [p(x)]' 1`is concave on [a, b] . 3 . Let P(x) be any polynomial of degree at most 2n satisfying the assumption that I P(k)I is bounded by 1, for k = 0, 1, 2, . . ., n, n+ 1, . . ., 211, Then Proof. It is well known that P(x) can be written as max IP(x)j < n4" .
(1)
and x,, = k . From (3), we obtain for 0 < x < 2n, n > 1,
Hence we get from (2) and (4), 
where
Proof. The inequality (5) follows easily from [11 ; (9), p . 68] .
LEMMA 5 . If Q(x) be a polynomial and A denotes the difference operator with increment 1, then An+1 (a x Q(x)) = ax(aA+a-1)n+i Q(x) .
Proof. It is well known [6 ; (10) (7), along with the well-known fact that
will give us the required result .
LEMMA 6 [6 ; p . 13] . Iff (x) is a polynomial of degree at most n+ 1, then
Henceforth we let N denote the set of non-negative integers .
Theorems THEOREM 1 . Let p(x) and q(x) be any polynomials of degree at most (n-1) having only non-negative coe dents . Then
Proof. Let us assume that (9) From (12), and the assumption that p(x) and q(x) have non-negative coefficients, we have that
From (13) and (14), we get easily for x = n+ 1, that
The relation (15) clearly contradicts (10) at x = n+l, and hence the result is established . q (x)
Proof. It is easy to check that for 0 < x < 1 
Remark. This theorem is already known (cf. [2] ) . But the proof presented below is very simple.
Proof. It is known that Therefore Hence (19) is proved . 
p( 2) > e2-E > e 2 -e 2 E = e 2 (1--E) .
From (21) and (23), we have 2e' /n /n > (1 -e) '/n + e 2/n (1-8) 11n (1-E) 1 F rom (24), we get 
From (25), we obtain
Let us assume that [pn (x)] -i deviates least from e -x at x = 0, 1, 2, and let 1 e -'-Then we get from (27), for x = 0, 1, 2, by noting the fact that p n (x) has non-negative coefficients and 6 < (en) -' (cf. [9 ; Theorem 1]), l ex-pn(x)II < 6e2 pn(2) < 8e4(1-e26)-i .
But from (22) and (26), we have for every pn (x), at x = 0, 1, 2,
Hence 1/(1+4n) < 6e4 (1-e 2 6) -i , which implies that 6 > e -5 (4n) -i . 
Therefore for x = n+1, n+2, n+3, . . ., 2n, 2n+1, . . .,
The relation (30) follows from (33) and (34) .
THEOREM 6 . Let 0 = a o < a i < a2 < . . . < a" < an+i < . . . be any given sequence of real numbers . Let f (x) be any continuous, non-vanishing and monotonic increasing
where set Proof. Set
Hence the result (35) is established .
THEOREM 7 . Let p(x) be any polynomial of degree at most n having only nonnegative coe dents and q(x) be any polynomial of degree most n . Then we have, for all n > 1,
function of x . Then there exists a sequence of polynomials p 2n (x) for which at x = ao , al, a2, . . ., an, a,,+ 1, . . .,for all n,
Therefore, for x = a o , a l , a 2 , . . ., ak, . . ., a,,,
For x = a"+i, a,,, 2, a,,+ 3 , . . . and so on, it is easy to check that
Now we get from (37) and (38) at x = { aj }1' o that 1] Proof. Let us assume that p/q deviates least from e-x in the interval [0, 1] ; then -p(x) = a . 
e _ x-P(x) q (x) e > {e+2 -1 e24"(n+1)!}-1 .
Hence the result (39) is established . 
Proof. Let us denote for any given p(x) and q(x) at x = 0, 1, 2, 3, . . ., n, n + 1, . . ., Then we get by using Lemma 5 that "
A"R(x) = An(e-xq(x)-p(x)) = An(e x q(x)) = ex 4+1-e ( ) q(x) . From (54) and (56), we get for .x = 0, l, 2, . . ., n, . . ., 3n, 1 W R(x)l < i l l R(x+l)l < 2`en4"(3+2,/2)n -i
Now we have from (55) and (57), for x = 0, 1, 2, . . ., n, n+ 1, . . ., 3n, I(A+ 1 -e)"q(x)I < ex en 23n an4"(3+2,/2)"-I < Fe I n 2 5 n n(3+2,/2)n-i .
Set S(x) -(A+ 1-e) n q(x) .
Then for x = 0, 1, 2, . . ., n, n+ 1, . . ., 2n, we get by using Lemma 6 • (e -1) nce4n25nn(3+2,/2)n-1 n ( n+ì - • (e-1) -"Ee411 2'nn(3+2,/2)n -i . From (59), we get for x = 0, 1, 2, 3, . . ., 2n, Max lq(x)l <ee4"2'"n(3+2,/2)"-i(e-1)-" .
(60)
